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Recent research on fuzzy quantification for information retrieval has proposed the
application of semi-fuzzy quantifiers for improving query languages. Fuzzy quantified sentences are useful as they allow additional restrictions to be imposed on the
retrieval process unlike more popular retrieval approaches, which lack the facility to
accurately express information needs. For instance, fuzzy quantification supplies a
variety of methods for combining query terms whereas extended boolean models can
only handle extended boolean-like operators to connect query terms. Although some
experiments validating these advantages have been reported in recent works, a comparison against state-of-the-art techniques has not been addressed. In this work we
provide empirical evidence on the adequacy of fuzzy quantifiers to enhance information retrieval systems. We show that our fuzzy approach is competitive with respect
to models such as the vector-space model with pivoted document-length normalization, which is at the heart of some high-performance web search systems. These
empirical results strengthen previous theoretical works that suggested fuzzy quantification as an appropriate technique for modeling information needs. In this respect,
we demonstrate here the connection between the retrieval framework based on the
concept of semi-fuzzy quantifier and the seminal proposals for modeling linguistic
statements through Ordered Weighted Averaging operators (OWA).

1 Introduction
Classical retrieval approaches are mainly guided by efficiency rather than expressiveness. This yields to Information Retrieval (IR) systems which retrieve documents
very efficiently but their internal representations of documents and queries is simplistic. This is especially true for web retrieval engines, which deal with huge amounts
of data and their response time is critical. Nevertheless, it is well known that users
have often a vague idea of what they are looking for and, hence, the query language
should supply adequate means to express her/his information need.
Boolean query languages were traditionally used in most early commercial systems but there exists much evidence to show that ordinary users are unable to master
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the complications of boolean expressions to construct consistently effective search
statements [24]. This provoked that a number of researchers have explored ways to
incorporate some elements of the natural language into the query language. To this
aim, fuzzy set theory and fuzzy quantifiers have been found useful [2, 3]. In particular, fuzzy quantifiers permit to implement a diversity of methods for combining
query terms whereas the classic extended boolean methods [24] for softening the basic Boolean connectives are rather inflexible [2]. This is especially valuable for web
search as it is well known that users are reluctant to supply many search terms and,
thus, it is interesting to support different combinations of the query terms. Indeed,
fuzzy linguistic modelling has been identified as a promising research topic for improving the query language of search engines [14]. Nevertheless, the benefits from
fuzzy quantification have been traditionally shown through motivating examples in
IR whose actual retrieval performance remained unclear. The absence of a proper
evaluation, using large-scale data collections and following the well-established experimental methodology for IR, is an important weakness for these proposals.
A first step to augment the availabilty of quantitative empirical data for fuzzy
quantification in IR was done in [19], where a query language expanded with quantified expressions was defined and evaluated empirically. This work stands on the concept of semi-fuzzy quantifier (SFQ) and quantifier fuzzification mechanism (QFM).
To evaluate a given quantified statement, an appropriate SFQ is defined and a QFM
is subsequently applied, yielding the final evaluation score.
In this paper, we extend the research on SFQ for IR in two different ways. First,
we show that the framework based on SFQ is general and it handles seminal proposals [30] for applying Ordered Weighted Averaging operators (OWA) as particular
cases. Second, the experimentation has been expanded. In particular, we compare
here the retrieval performance of the fuzzy model with state-of-the-art IR matching
functions. We show that the model is competitive with respect to high-performance
extensions of the vector space model based on document length corrections (pivoted document length normalization [28]), which have recurrently appeared among
the top performance systems in TREC Web track competitions [27, 13, 29]. This is
a promising result which advances the adequacy of fuzzy linguistic quantifiers for
enhancing search engines.
The remainder of the paper is organized as follows. Section 2 describes some
related work and section 3 explains the fuzzy model for IR defined in [19]. Section 4
shows that the framework based on SFQ handles the OWA-based quantification as a
particular case. The main experimental findings are reported in section 5. The paper
ends with some conclusions and future lines of research.

2 Related Work
Fuzzy set theory has been applied to model flexible IR systems which can represent and interpret the vagueness typical of human communication and reasoning.
Many fuzzy proposals have been proposed facing one or more of the different aspects
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around the retrieval activity. Exhaustive surveys on fuzzy techniques in different IR
subareas can be found in [6, 3].
In seminal fuzzy approaches for IR, retrieval was naturally modeled in terms of
fuzzy sets [23, 15, 16, 21]. The intrisic limitations of the Boolean Model motivated
the development of a series of studies aiming at extending the Boolean Model by
means of fuzzy set theory. The Boolean Model was naturally extended by implementing boolean connectives through operations between fuzzy sets. Given a boolean expression, each individual query term can be interpreted as a fuzzy set in which each
document has a degree of membership. Formally, each individual term, t i , defines a
fuzzy set whose universe of discourse is the set of all documents in the document
base, D, and the membership function has the form: µ ti : D → [0, 1]. The larger this
degree is, the more important the term is for characterizing the document’s content.
For instance, these values can be easily computed from popular IR heuristics, such
as tf/idf [25]. Given a Boolean query involving terms and Boolean connectors AND,
OR, NOT (e.g. t1 AND t2 OR NOT t3 ) a fuzzy set of documents representing the
query as a whole can be obtained by operations between fuzzy sets. The Boolean
connective AND is implemented by an intersection between fuzzy sets, the Boolean
OR is implemented by a fuzzy union and so forth. Finally, a rank of documents can be
straightforwardly obtained from the fuzzy set of documents representing the query.
These seminal proposals are in one way or another on the basis of many subsequent fuzzy approaches for IR. In particular, those works focused on extending
query expressiveness further on boolean expressions are especially related to our
research. In [2] an extended query language containing linguistic quantifiers was designed. The boolean connectives AND and OR were replaced by soft operators for
aggregating the selection criteria. The linguistic quantifiers used as aggregation operators were defined by Ordered Weighted Averaging (OWA) operators [31]. The
requirements of an information need are more easily and intuitively formulated using linguistic quantifiers, such as all, at least k, about k and most of . Moreover,
the operator and possibly was defined to allow for a hierarchical aggregation of the
selection criteria in order to express their priorities. This original proposal is very
valuable as it anticipated the adequacy of fuzzy linguistic quantifiers for enhancing IR query languages. Nevertheless, the practical advantages obtained from such
quantified statements remained unclear because of the lack of reported experiments.
In [19], a fuzzy IR model was proposed to handle queries as boolean combinations of atomic search units. These basic units can be either search terms or quantified
expressions. Linguistic quantified expressions were implemented by means of semifuzzy quantifiers. Some experiments were reported showing that the approach based
on SFQ is operative under realistic circumstances.
In this paper we extend the work developed in [19] at both the theoretical and
experimental level. On one hand, we show explicitly the connection between the
pioneering proposals on fuzzy quantification for IR [2] and the framework based on
SFQ. On the other hand, we compare here the retrieval performance of the SFQ fuzzy
model with high performance IR matching functions. This will show whether or not
the SFQ approach is comparable to state-of-the-art IR methods.
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3 Semi-fuzzy quantifiers for information retrieval
Before proceeding, we briefly review some basic concepts of fuzzy set theory. Next,
the approach based on semi-fuzzy quantifiers proposed in [19] is reviewed.
Fuzzy set theory allows us to define sets whose boundaries are not well defined.
Given a universe of discourse U , a fuzzy set A can be characterized by a membership function with the form: µ A : U → [0, 1]. For every element u ∈ U , µ A (u)
represents its degree of membership to the fuzzy set A, with 0 corresponding to
no membership in the fuzzy set and 1 corresponding to full membership. Operations on fuzzy sets can be implemented in several ways. For instance, the complement of a fuzzy set A and the intersection and union of two fuzzy sets A and B
are typically defined by the following membership functions: µA (u) = 1 − µA (u),
µA∪B (u) = max(µA (u), µB (u)) and µA∩B (u) = min(µA (u), µB (u)).
Some additional notation will be also of help in the rest of this paper. By ℘(U )
we refer to the crisp powerset of U and ℘(U
 ) stands for the fuzzy powerset of U , i.e.
the set containing all the fuzzy sets that can be defined over U . Given the universe of
discourse U = {u1 , u2 , . . . , un }, a discrete fuzzy set A constructed over U is usually
denoted as: A = {µA (u1 )/u1 , µA (u2 )/u2 , . . . , µA (un )/un }
Fuzzy quantification is usually applied for relaxing the definition of crisp quantifiers. The evaluation of unary expressions such as “approximately 80% of people
are tall” or “most cars are fast” is naturally handled through the concept of fuzzy
quantifier3. Formally,
 on a base set U = ∅ is
Definition 1 (fuzzy quantifier). A unary fuzzy quantifier Q

a mapping Q : ℘ (U ) −→ [0, 1].
For example, given the fuzzy set X = {0.2/u 1, 0.1/u2, 0.3/u3, 0.1/u4 }, modelling the degree of technical skill of four football players in a team, we can apply
a quantifier of the kind most to determine whether or not most footballers are skillful. Of course, given the membership degrees of the elements in X, any coherent
implementation of the most quantifier applied on X would lead to a low evaluation
score.
The definition of fuzzy quantifiers for handling linguistic expressions has been
widely dealt with in the literature [34, 31, 32, 5, 11, 7, 8]. Unfortunately, given a certain linguistic expression, it is often difficult to achieve consensus on a) the most appropriate mathematical definition for a given quantifier and b) the adequacy of a particular numerical value as the evaluation result for a fuzzy quantified sentence. This
is especially problematic when linguistic expressions involve several fuzzy properties. To overcome this problem, some authors have proposed indirect definitions of
fuzzy quantifiers through semi-fuzzy quantifiers [9, 11, 10]. A fuzzy quantifier can
be defined from a semi-fuzzy quantifier through a so-called quantifier fuzzification
mechanism (QFM). The motivation of this class of indirect definitions is that semifuzzy quantifiers (SFQ) are closer to the well-known crisp quantifiers and can be
defined in a more natural and intuitive way. Formally,
3

These expressions are called unary because each sentence involves a single vague property
(tall in the first example and fast in the second one).
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Definition 2 (semi-fuzzy quantifier). A unary semi-fuzzy quantifier Q on a base set
U = ∅ is a mapping Q : ℘ (U ) −→ [0, 1].
In the next example we show a definition and graphical description of a relative
semi-fuzzy quantifier about_half 4 .
Example 1. about_half semi-fuzzy quantifier.
about_half : ℘(U ) → [0, 1]
⎧
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⎪
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Example of use:
Consider a universe of discourse composed of 10 individuals, U = {u 1 , u2 ,
. . . , u10 }. Imagine that X is a subset of U containing those individuals
which are taller than 1.70m: X = {u 1 , u4 , u8 , u10 }
The evaluation of the expression “about half of people are taller than 1.70m”
produces the value: about_half (X) = 1 − 2((0.4 − 0.5)/0.2) 2 = 0.5
Definition 3 (quantifier fuzzification mechanism). A QFM is a mapping with domain in the universe of semi-fuzzy quantifiers and range in the universe of fuzzy
quantifiers5 :

 : ℘ (U ) → [0, 1]
F : (Q : ℘ (U ) → [0, 1]) → Q
(1)
4
5

This is a relative quantifier because it is defined as a proportion over the base set U
Note that we use the unary version of the fuzzification mechanisms.
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Different QFMs have been proposed in the literature [9, 10]. In the following we
will focus on the QFM tested for IR in [19]. Further details on the properties of this
QFM and a thorough analysis of its behaviour can be found in [8].
Since this QFM is based on the notion of α-cut, we first introduce the α-cut
operation and, next, we depict the definition of the QFM.
The α-cut operation on a fuzzy set produces a crisp set containing certain elements of the original fuzzy set. Formally,
Definition 4 (α-cut). Given a fuzzy set X ∈ ℘ (U ) and α ∈ [0, 1], the α-cut of level
α of X is the crisp set X≥α defined as X ≥α = {u ∈ U : µX (u) ≥ α}.
Example 2. Let X ∈ ℘ (U ) be the fuzzy set X = {0.6/u 1, 0.2/u2, 0.3/u3 , 0/u4 ,
1/u5 }, then X≥0.4 = {u1 , u5 }.
In [19], the following quantifier fuzzification mechanism was applied for the
basic IR retrieval task:
(F (Q)) (X) =

1
0


Q (X)≥α dα

(2)

where Q : ℘ (U ) → [0, 1] is a unary semi-fuzzy quantifier, X ∈ ℘ (U ) is a fuzzy
set and (X)≥α is the α-cut of level α of X.
The crisp sets (X)≥α can be regarded as crisp representatives for the fuzzy set
X. Roughly speaking, 2 averages out the values obtained after applying the semifuzzy quantifier to these crisp representatives of X. The original definition of this
QFM can be found in [8].
If U is finite, expression (2) can be discretized as follows:
m

(F (Q)) (X) =


Q (X)≥αi · (αi − αi+1 )

(3)

i=0

where α0 = 1, αm+1 = 0 and α1 ≥ . . . ≥ αm denote the membership values in
descending order of the elements in U to the fuzzy set X.
Example 3. Imagine a quantified expression such as “about half of people are tall”.
Let about_half : ℘ (U ) → [0, 1] be the semi-fuzzy quantifier depicted in example
1 and let X be the fuzzy set: X = {0.9/u 1, 0.8/u2, 0.1/u3, 0/u4 }. The next table
shows the values produced by the semi-fuzzy quantifier about_half at all α i cut
levels:

(X)≥αi
about_half (X)≥αi
α0
α1
α2
α3
α4

=1 ∅
= 0.9 {u1 }
= 0.8 {u1 , u2 }
= 0.1 {u1 , u2 , u3 }
= 0 {u1 , u2 , u3 , u4 }

about_half (∅) = 0
about_half ({u1 }) = 0
about_half ({u1 , u2 }) = 1
about_half ({u1 , u2 , u3 }) = 0
about_half ({u1 , u2 , u3 , u4 }) = 0
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Applying (3):
(F (about_half )) (X) = about_half ((X)≥1 ) · (1 − 0.9) +
about_half ((X)≥0.9 ) · (0.9 − 0.8) +
about_half ((X)≥0.8 ) · (0.8 − 0.1) +
about_half ((X)≥0.1 ) · (0.1 − 0) +
about_half ((X)≥0 ) · (0 − 0)
= 0.7

This is a coherent result taking into account the definition of the fuzzy set X,
where the degree of membership for the elements u 1 and u2 is very high (0.9 and 0.8
respectively) whereas the degree of membership for u 3 and u4 is very low (0.1 and
0 respectively). As a consequence, it is likely that about half ot the individuals are
actually tall.
3.1 Query language
Given a set of indexing terms {t 1 , . . . , tm } and a set of quantification symbols
{Q1 , . . . , Qk }, query expressions are built as follows: a) any indexing term t i belongs to the language, b) if e 1 belongs to the language then, NOT e 1 and (e1 ) also
belong to the language, c) if e 1 and e2 belong to the language then, e 1 AND e2 and
e1 OR e2 also belong to the language and d) if e 1 , e2 , . . . , en belong to the language
then, Qi (e1 , e2 , . . . , en ) also belongs to the language, where Q i is a quantification
symbol.
Example 4. Given an alphabet of terms {a, b, c, d} and the set of quantification symbols {most} the expression b AND most(a, c, NOT c) is a syntactically valid query
expression.
The range of linguistic quantifiers available determines how flexible the query
language is.
3.2 Semantics
Given a query expression q, its associated fuzzy set of documents is denoted by
Sm(q). Every indexing term t i is interpreted by a fuzzy set of documents, Sm(t i ),
whose membership function can be computed following classical IR weighting formulas, such as the popular tf/idf method [25]. Given the fuzzy set defined by every
individual query term, the fuzzy set representing a Boolean query can be directly
obtained applying operations between fuzzy sets.
Given a quantified sentence with the form Q(e 1 , . . . , er ), where Q is a quantification symbol and each e i is an expression of the query language, we have to
articulate a method for combining the fuzzy sets Sm(e 1 ), . . . , Sm(er ) into a single
fuzzy set of documents, Sm(Q(e 1 , . . . , er )), representing the quantified sentence as
a whole.
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First, we associate a semi-fuzzy quantifier with every quantification symbol
in the query language. For instance, we might include the quantification symbol
about_half in the query language which associated to a semi-fuzzy quantifier similar to the one depicted in example 1 6 . Given a quantification syntactic symbol Q, by
Qs we refer to its associated semi-fuzzy quantifier. Given a QFM, F , F (Q s ) denotes
the fuzzy quantifier obtained from Q s by fuzzification.
Let dj be a document and Sm(e i ) the fuzzy sets induced by the components of
the quantified expression, we can define the fuzzy set C dj , which represents how
much dj satisfies the individual components of the quantified statement:
Cdj = {µSm(e1 ) (dj )/1, µSm(e2 ) (dj )/2, . . . , µSm(er ) (dj )/r}

(4)

From these individual degrees of fulfilment, the expression Q(e 1 , . . . , er ) can be
evaluated by means of the fuzzy quantifier F (Q s ):
µSm(Q(e1 ,...,er )) (dj ) = (F (Qs ))(Cdj )

(5)

For instance, if Qs is a semi-fuzzy quantifier about_half then a document will
be assigned a high evaluation score if it has a high degree of membership for about
half of the quantifier components and low degrees of membership for the rest of the
components.
3.3 Example
Consider the query expression at_least_3(a, b, c, d, e) and a document d j whose degrees of membership in the fuzzy sets defined by each indexing term are: µ Sma (dj ) =
0, µSmb (dj ) = 0.15, µSmc (dj ) = 0.2, µSmd (dj ) = 0.3 and µSme (dj ) = 0.4.
The fuzzy set induced by d j from the components of the query expression is:
Cdj = {0/1, 0.15/2, 0.2/3, 0.3/4, 0.4/5}.
Consider that we use the following crisp semi-fuzzy quantifier for implementing
the quantification symbol at_least_3.
at_least_3 : ℘(U ) → [0, 1]
at_least_3(X) =

0 if |X| < 3
1 otherwise

Now, several crisp representatives of C dj are obtained from subsequent α-cuts
and the semi-fuzzy quantifier at_least_3 is applied on every crisp representative:

6

Although many times the name of the quantification symbol is the same as the name of the
semi-fuzzy quantifier used to handle the linguistic expression, both concepts should not be
confused.
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Cdj
α0
α1
α2
α3
α4
α5


≥αi


at_least_3

Cdj

9


≥αi

=1
∅
at_least_3 (∅) = 0
= 0.4 {e}
at_least_3 ({e}) = 0
= 0.3 {d, e}
at_least_3 ({d, e}) = 0
= 0.2 {c, d, e}
at_least_3 ({c, d, e}) = 1
= 0.15 {b, c, d, e} at_least_3 ({b, c, d, e}) = 1
=0
{a, b, c, d, e} at_least_3 ({a, b, c, d, e}) = 1

And it follows that

(F (at_least_3)) Cdj = 0 · 0.6 + 0 · 0.1 + 0 · 0.1 + 1 · 0.05 +
+1 · 0.15 + 1 · 0 = 0.2
µSm(at_least_3(a,b,c,d,e)) (dj ) = 0.2
Indeed, it is unlikely that at least three out of the five query terms are actually
related to document d j because all query terms have low degrees of membership in
Cdj .

4 Semi-fuzzy quantifiers and OWA quantification
In [19], the modeling of linguistic quantifiers was approached by semi-fuzzy quantifiers and quantifier fuzzification mechanisms (equation (3)) because: 1) this approach
subsumes the fuzzy quantification model based on OWA (the OWA method is equivalent to the mechanism defined in equation (3) for increasing unary quantifiers [5, 7])
and 2) it has been shown that OWA models [31, 32] do not comply with fundamental
properties [9, 1] when dealing with n-ary quantifiers. These problems are not present
in the SFQ-based approach defined in [8].
In this section, we enter into details about these issues and, in particular, we
show how the implementation of linguistic quantifiers through OWA operators is
equivalent to a particular case of the SFQ-based framework. This is a good property
of the SFQ approach because seminal models of fuzzy quantification for IR [2],
which are based on OWA operators, can be implemented and tested under the SFQ
framework. Note that we refer here to the OWA-based unary quantification approach
[33]. Although alternative OWA formulations have been proposed in the literature, a
thorough study of the role of these alternatives for quantification is out of the scope
of this work.
4.1 Linguistic quantification using OWA operators
OWA operators [30] are mean fuzzy operators whose results lie between those produced by a fuzzy MIN operator and those yielded by a fuzzy MAX operator.
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An ordered weighted averaging (OWA) operator of dimension n is a non linear aggregation operator: OWA: [0, 1] n → [0, 1] with a weighting vector W =
[w1 ,
w2 , . . . , wn ] such that:
n
i=1 wi = 1, wi ∈ [0, 1]
and

OWA(x1 , x2 , . . . , xn ) = ni=1 wi · M axi (x1 , x2 , . . . , xn )
where M axi (x1 , x2 , . . . , xn ) is the i-th largest element across all the x k , e.g.
M ax2 (0.9, 0.6, 0.8) is 0.8.
The selection of particular weighting vectors W allows the modeling of different
linguistic quantifiers (e.g. at least, most of , etc.).
Given a quantified expression Q(e 1 , . . . , er ) and a document d j , we can apply OWA quantification for aggregating the importance weights for the selection
conditions ei . Without loss of generality, these weights will be denoted here as
µSm(ei ) (dj ). Formally, the evaluation score produced would be:
r

OWAop (µSm(e1 ) (dj ), . . . , µSm(er ) (dj )) =

wi · M axi (µSm(e1 ) (dj ), . . . , µSm(er ) (dj ))
i=1

(6)

where OWAop is an OWA operator associated with the quantification symbol Q.
Following the modelling of linguistic quantifiers via OWA operators [2, 4],
the vector weights wi associated to the OWAoperator operator are defined from a
monotone non-decreasing relative fuzzy number F N : [0, 1] → [0, 1] as follows:
wi = F N (i/r) − F N ((i − 1)/r), i : 1, . . . , r

(7)

The fuzzy numbers used in the context of OWA quantification are coherent. This
means that it is guaranteed that F N (0) = 0 and F N (1) = 1.
Without loss of generality, we can denote M ax 1 (µSm(e1 ) (dj ), µSm(e2 ) (dj ), . . . ,
µSm(er ) (dj )) as α1 , M ax2 (µSm(e1 ) (dj ), µSm(e2 ) (dj ), . . . , µSm(er ) (dj )) as α2 , etc.
and the evaluation value equals:
r

r

wi · αi =
i=1

(F N (i/r) − F N ((i − 1)/r)) · αi

(8)

i=1

This equation depicts the evaluation score produced by an OWA operator. In
the next section we show that an equivalent result can be obtained within the SFQ
framewok if particular semi-fuzzy quantifiers are selected.
4.2 Linguistic quantification using SFQ
Recall that, given a quantified expression Q(e 1 , . . . , er ) and a document d j , the evaluation scored computed following the SFQ approach is:
µSm(Q(e1 ,...,er )) (dj ) = (F (Qs ))(Cdj )
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A key component of this approach is the quantifier fuzzification mechanism F ,
whose discrete definition (equation 3) is repeated here for the sake of clarity:
m

(F (Q)) (X) =


Q (X)≥αi · (αi − αi+1 )

i=0

where α0 = 1, αm+1 = 0 and α1 ≥ . . . ≥ αm denote the membership values in
descending order of the elements in the fuzzy set X.
Putting all together:


r

µSm(Q(e1 ,...,er )) (dj ) =

Qs

Cdj


≥αi

· (αi − αi+1 )

(9)

i=0

Without loss of generality, we will assume that the e i terms are ordered in decreasing order of membership degrees in C dj , i.e. µCdj (e1 ) = α1 ≥ µCdj (e2 ) =
α2 . . . ≥ µCdj (er ) = αr . Note also that equation 9 stands on a sequence of successive α-cuts on the fuzzy set C dj . The first cut (α0 ) is done at the membership level 1
and the last cut (αr ) is performed at the level 0. This means that the equation can be
rewritten as:
r

µSm(Q(e1 ,...,er )) (dj ) =

Qs (CSi ) · (αi − αi+1 )

(10)

i=0

where CS0 = ∅ and CSi = {e1 , . . . , ei }, i = 1, . . . , r.
The equation can be developed as:
r

µSm(Q(e1 ,...,er )) (dj ) =

Qs (CSi ) · (αi − αi+1 )

(11)

i=0

= Qs (∅) · (1 − α1 ) +
Qs ({e1 }) · (α1 − α2 ) + . . . +
Qs ({e1 , e2 , . . . , er }) · αr
= Qs (∅) + α1 · (Qs ({e1 }) − Qs (∅)) +
α2 · (Qs ({e1 , e2 }) − Qs ({e1 })) + . . . +
αr · (Qs ({e1 , e2 , . . . , er }) − Qs ({e1 , e2 , . . . , er−1 }))
The unary semi-fuzzy quantifier Q s can be implemented by means of a fuzzy
number as follows: Q s (CSi ) = F N (|CSi |/r). Hence, the previous equation can be
rewritten in the following way:
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r

µSm(Q(e1 ,...,er )) (dj ) =

Qs (CSi ) · (αi − αi+1 )

(12)

i=0

= F N (0) + α1 · (F N (1/r) − F N (0)) +
α2 · (F N (2/r) − F N (1/r)) + . . . +
αr · (F N (1) − F N ((r − 1)/r))
It is straightforward that we can replicate the OWA-based evaluation (equation 8)
if we select a SFQ whose associated fuzzy number is the same as the one used in the
OWA equation. Note that, F N (0) = 0 provided that the fuzzy number is coherent.
4.3 Remarks
Given a query and a document d j , the application of SFQ for IR proposed in [19]
involves a single fuzzy set, C dj . In these cases, as shown in the last section, equivalent evaluation results can be obtained by an alternative OWA formulation 7. This
means that the advantages shown empirically for the SFQ framework can be directly
extrapolated to OWA-based approaches such as the one designed in [2]. This is good
because the evaluation results apply not only for a particular scenario but for other
well-known proposals whose practical behaviour for large document collections was
unclear.
Nevertheless, some counterintuitive problems have been described for OWA operators when handling expressions involving several fuzzy sets. We offer now additional details about these problems and we sketch their implications in the context of
IR. A thorough comparative between different fuzzy operators can be found in [9, 1].
One of the major drawbacks of OWA’s method is its nonmonotonic behaviour
for propositions involving two properties [1]. This means that, given two quantifiers
Q1 , Q2 such that Q1 is more specific than Q 2 8 , it is not assured that the application
of the quantifiers for handling a quantified proposition maintains specificity. This is
due to the assumption that any quantifier is a specific case of OWA interpolation
between two extreme cases: the existential quantifier and the universal quantifier.
Let us illustrate this with an example. Consider two quantifiers at_least_60% and
at_least_80% and two fuzzy sets of individuals representing the properties of being
blonde and tall, respectively. Obviously, at_least_80% should produce an evaluation score which is less than or equal than the score produced by at_least_60%.
Unfortunately, the evaluation of a expression such as at_least_80% blondes are
tall does not necessarily produce a value which is less or equal than the value obtained from at_least_60% blondes are tall. This means that, given two fuzzy sets
blondes and tall, it is possible that these sets are better at satisfying the expression at_least_80% blondes are tall than satisfying the expression at_least_60%
blondes are tall. This is clearly unacceptable.
7
8

That is, the SFQ formulation is equivalent to the OWA formulation for monotonic unary
expressions.
Roughly speaking, if Q1 is more specific than Q2 then for all the elements of the domain
of the quantifier the value produced by Q1 is less or equal than the value produced by Q2 .
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This is also problematic for the application in IR. Imagine two quantifiers such
that Q1 is more specific than Q 2 . This means that Q1 is more restrictive than Q 2
(e.g. a crisp at_least_5 vs a crisp at_least_3). The application of these quantifiers
for handling expressions with the form Q i A s are B  s cannot be faced using OWA
operators. This is an important limitation because it prevents the extension of the
fuzzy approach in a number of ways. For instance, expressions such as most t i
are tk , where ti and tk are terms, can be used to determine whether or not most
documents dealing with t i are also related to tk . In general, statements with this
form involving several fuzzy sets are promising for enhancing the expressiveness of
IR systems in different tasks.
These problems are not present for the fuzzification mechanisms defined in [8],
which stand on the basis of the SFQ-based framework. This fact and the intrinsic
generality of the SFQ-based approach are convenient for the purpose of IR.

5 Experiments
The behaviour of the extended fuzzy query language has been evaluated empirically.
This experimental research task is fundamental in determining the actual benefits
that retrieval engines might obtain from linguistic quantifiers. The empirical evaluation presented in this section expands the experimentation carried out in [19]. In
particular, only a basic tf/idf weighting scheme was tested in [19]. We report here
performance results for evolved weighting approaches. Our hypothesis is that these
weighting methods, which have traditionally performed very well in the context of
popular IR models, might increase the absolute performance attainable by the fuzzy
approach. The results of the experimentation conducted in [19] are also shown here
because we want to check whether or not the same trends hold when different weighting schemes are applied.
The experimental benchmark involved the Wall Street journal (WSJ) corpora
from the TREC collection, which contains about 173000 news articles spread over
six years (total size: 524 Mb), and 50 topics from TREC-3 [12] (topics #151-#200).
Common words were removed from documents and topics 9 and Porter’s stemmer
[22] was applied to reduce words to their syntactical roots. The inverted file was
built with the aid of GNU mifluz [20], which supplies a C++ library to build and
query a full text inverted index.
As argued in section 3.2, every indexing term t i is interpreted as a fuzzy set of
documents, Sm(t i ), whose membership function can be computed following classical IR weighting formulas. In [19], a normalized version of the popular tf/idf weighting scheme was applied as follows. Given a document d j , its degree of membership
in the fuzzy set defined by a term t i is defined as:
µSm(ti ) (dj ) =
9

fi,j
idf (ti )
∗
maxk fk,j maxl idf (tl )

The stoplist was composed of 571 common words.

(13)
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In the equation, f i,j is the raw frequency of term t i in the document d j and
maxk fk,j is the maximum raw frequency computed over all terms which are mentioned by the document d j . By idf (ti ) we refer to a function computing an inverse
document frequency factor 10 . The value idf (ti ) is divided by maxl idf (tl ), which
is the maximum value of the function idf computed over all terms in the alphabet.
Note that µSm(ti ) (dj ) ∈ [0, 1] because both the tf and the idf factors are divided by
its maximum possible value.
Although the basic tf/idf weighting was very effective on early IR collections, it
is now accepted that this classic weighiting method is non-optimal [26]. The characteristics of present datasets required the development of methods to factor document length into term weights. In this line, pivoted normalization weighting [28] is
a high-performance method which has demonstrated its merits in exhaustive TREC
experimentations [26]. It is also especially remarkable that pivot-based approaches
are also competitive for web retrieval purposes [27, 13, 29]. As a consequence, it is
important to check how this effective weighting scheme works in the context of the
SFQ-based method. Furthermore, a comparison between the fuzzy model powered
by pivoted weigths and a high performance pivot-based IR retrieval method will also
help to shed light on the adequacy of the fuzzy approach to enhance retrieval engines. More specifically, we will compare the fuzzy model against the inner product
matching function of the vector-space model with document term weights computed
using pivoted normalization.
The fuzzy set of documents induced by every individual query term can be defined using pivoted document length as follows:
1+ln(1+ln(fi,j )))
dl

µSm(ti ) (dj ) =

(1−s)+s avgj

dl

norm_1

∗

)
ln( Nn+1
qtfi
i
∗
maxl qtfl norm_2

(14)

where fi,j is the raw frequency of term t i in the document d j , s is a constant (the
pivot) in the interval [0, 1], dl j is the length of document d j , avgdl is the average document length, qtf i is the frequency of term t i in the query and max l qtfl is the maximum term frequency in the query. The value N is the total number of documents in
the collection and n i is the number of documents which contain the term t i . The normalizing factors norm_1 and norm_2 are included to maintain µ Sm(ti ) (dj ) between
0 and 1. In the experiments reported here norm_1 is equal to 1+ln(1+ln(maxdl)))
(1−s)
(maxdl is the size of the largest document) and norm_2 is equal to ln(N + 1). This
formula arises straightforwardly from the pivot-based expression detailed in [26].
The rationale behind both equations, 13 and 14, is that t i will be a good representative for documents with high degree of membership in Sm(t i ) whereas ti poorly
represents the documents with low degree of membership in Sm(t i ). Note that, it is
not guaranteed that there exists a document d j such that µSm(ti ) (dj ) = 1. Indeed,
10

The function used in [19] was idf (ti ) = log(maxl nl /ni ), where ni is the number of
documents in which the term ti appears and the maximum maxl nl is computed over all
terms in the indexing vocabulary. The same function has been used in the new experiments
reported here.
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the distribution of the values µ Sm(ti ) (dj ) depends largely on the characteristics of
the document collection 11. Anyway, for medium/large collections, such as WSJ, most
µSm(ti ) (dj ) values tend to be small. We feel that the large success of tf/idf weighting
schemes and their evolved variations in the context of IR is a solid warranty for its
application in the context of the SFQ framework. Other mathematical shapes could
have been taken into account for defining a membership function. Nevertheless, these
membership definitions are convenient because, as sketched in the next paragraphs,
the SFQ framework can thus handle popular IR methods as particular cases.
For both weighing methods (equations 13 and 14) we implemented a baseline
experiment by means of a linear fuzzy quantified sentence Q lin , whose associated
semi-fuzzy quantifier is:
Qlin : ℘(U ) → [0, 1]
|X|
Qlin (X) =
|U |
Terms are collected from the TREC topic and, after stopword and stemming, a
fuzzy query with the form Q lin (t1 , . . . , tn ) is built. It can be easily proved that the
ranking produced from such a query is equivalent to the one generated from the inner
product matching function in the vector-space model [25]. The details can be found
in appendix A. This is a good property of the fuzzy approach because it can handle
popular IR retrieval methods as particular cases.
5.1 Experiments: tf/idf
The first pool of experiments considered only terms from the topic title. In order
to check whether non-linear quantifiers are good in terms of retrieval performance,
relaxed versions of at least quantifiers were implemented. For example, a usual crisp
implementation of an at least 6 quantifier (left-hand side) and its proposed relaxation
(right-hand side) can be defined as:
at_least_6 : ℘(U) → [0, 1]
0 if |X| < 6
at_least_6(X) =
1 otherwise

at_least_6 : ℘(U) → [0, 1]
(10/6) ∗ (|X|/10)2 if |X| < 6
|X|/10
otherwise

at_least_6(X) =

1

1

0.75

0.75
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0

0

1
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0

0
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5
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a) crisp definition
11

6

7

8

9

10
|X|

b) relaxed definition

For instance, in eq. 13 this will only happen if the term(s) that appear(s) the largest number of times within the document is/are also the most infrequent one(s) across the whole
collection.
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Recall
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
Avg.prec.
(non-interpolated)
% change

at_least_k
Qlin k = 2 k = 3 k = 4 k = 5 k = 6
0.5979 0.6165 0.6329 0.6436 0.6568 0.6580
0.4600 0.4776 0.4905 0.4968 0.5019 0.5036
0.3777 0.3997 0.4203 0.4208 0.4243 0.4251
0.3092 0.3336 0.3454 0.3479 0.3486 0.3483
0.2430 0.2680 0.2751 0.2805 0.2792 0.2786
0.1689 0.2121 0.2191 0.2234 0.2228 0.2226
0.1302 0.1592 0.1704 0.1774 0.1772 0.1768
0.0853 0.1100 0.1215 0.1261 0.1267 0.1269
0.0520 0.0734 0.0855 0.0888 0.0892 0.0892
0.0248 0.0428 0.0467 0.0497 0.0496 0.0495
0.0034 0.0070 0.0107 0.0106 0.0105 0.0105
0.2035 0.2241 0.2362 0.2403 0.2409 0.2410

k =7
0.6582
0.5035
0.4253
0.3483
0.2784
0.2226
0.1770
0.1273
0.0892
0.0495
0.0105
0.2410

k =8
0.6597
0.5037
0.4253
0.3483
0.2784
0.2226
0.1770
0.1273
0.0892
0.0495
0.0105
0.2411

+10.12% +16.07% +18.08% +18.4% +18.4% +18.4% +18.5%

Table 1. Effect of simple at least queries on retrieval performance

The crisp at least implementation is too rigid to be applied in IR. It is not fair
to consider that a document matching 9 query terms is as good as one matching
only 6 terms. On the other hand, it is too rigid to consider that a document matching 0 query terms is as bad as one matching 5 query terms. The intuitions behind
at least quantifiers can be good for retrieval purposes if implemented in a relaxed
form. In particular, intermediate implementations, between a classical at least and a
linear implementation (which is typical in popular IR matching functions, as shown
above), were proposed and tested in [19]. Non-relevant documents might match a
few query terms simply by chance. To minimize this problem the relaxed formulation makes that documents matching few terms (less than 6 for the example depicted
above) receive a lower score compared to an alternative linear implementation. On
the other hand, unlike the rigid at least implementation, documents matching many
terms (more than 6 for the example) receive a score that grows linearly with the
number of those terms.
The first set of results, involving the baseline experiment (Q lin (t1 , t2 , . . . , tn ))
and several at least formulations, are shown in table 1. The at least quantifiers were
relaxed in the form shown in the example above. Although topic titles consist typically of very few terms, the outcome of these experiments clearly shows that flexible
query formulations can lead to significant improvements in retrieval performance.
There is a steady increment of performance across all recall levels and for at_least_x
with x ≥ 8 the performance values became stabilized.
The next pool of experiments used all topic subfields (Title, Description & Narrative). Different strategies were tested in order to produce fuzzy queries from topics.
For all experiments, every subfield is used for generating a single fuzzy quantifier
and the fuzzy query is the conjunction of these quantifiers. Figure 1 exemplifies the
articulation of fuzzy queries from a TREC topic 12 . This simple method allows to obtain fuzzy representations from TREC topics in an automatic way. This advances that
fuzzy query languages might be adequate not only to assist users when formulating
their information needs but also to transform textual queries into fuzzy expressions.
We tested several combinations of at least and linear quantifiers. For implementing the conjunction connective both the fuzzy MIN operator and the product operator
were applied. Performance results are summarized in tables 2 (MIN operator) and 3
12

We use the symbol ∧ to refer to the Boolean AND connective.
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TREC topic:
<title> Topic: Vitamins - The Cure for or Cause of Human Ailments
<desc> Description:
Document will identify vitamins that have contributed to the
cure for human diseases or ailments or documents will identify
vitamins that have caused health problems in humans.
<narr> Narrative:
A relevant document will provide information indicating that vitamins may
help to prevent or cure human ailments. Information indicating that
vitamins may cause health problems in humans is also relevant. A
document that makes a general reference to vitamins such as "good for
your health" or "having nutritional value" is not relevant. Information
about research being conducted without results would not be relevant.
References to derivatives of vitamins are to be treated as the vitamin.
Fuzzy query:
at_least_4(vitamin,cure,caus,human,ailment) ∧ at_least_4(document,identifi,
vitamin,contribut,cure,human,diseas,ailment,caus,health,problem) ∧
at_least_3(relevant,document,provid,inform,indic,vitamin,prevent,cure,
human,ailment,caus,health,problem,make,gener,refer,good,
nutrit,research,conduct,result,deriv,treat)

Fig. 1. Fuzzy query from a TREC topic

(product operator). In terms of average precision, the product operator is clearly better than the MIN operator to implement the boolean AND connective. Indeed, all the
columns in table 3 depict better performance ratios than their respective columns in
table 2.
On the other hand, the combination of linear quantifiers is clearly inferior to the
combination of at_least_x quantifiers. There is a progressive improvement in retrieval performance as the value of x grows from 2 to 8. This happens independently
of the operator applied for implementing the conjunction. Performance becomes stabilized for values of x around 8. It is important to emphasize that a combination of
linear quantifiers is not a common characteristic of popular IR approaches, where
a single linear operation is usually applied over all topic terms. As a consequence,
the comparison presented in tables 2 and 3 aims at checking the effect of at least
quantifiers vs linear quantifiers within the SFQ fuzzy approach and, later on, we will
compare the best SFQ results with a classic approach in which a linear quantifier is
applied over all topic terms.
Experiments using averaging-like operators (such as the ones tested by Lee and
others in [18, 17]) for implementing the boolean conjunction were also run but
further improvements in performance were not obtained. This might indicate that,
although T-norm operators (e.g. MIN and product) worked bad to combine terms
within conjunctive boolean representations [18, 17], they could play an important
role to combine more expressive query components, such as quantifiers.
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Qlin (title terms) ∧
Qlin (desc terms) ∧
Qlin (narr terms)
Recall
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
Avg.prec.
(non-interpolated)
% change

0.6822
0.4713
0.3839
0.3071
0.2550
0.2053
0.1557
0.1053
0.0641
0.0397
0.0060
0.2225

at_least_x(title terms) ∧
at_least_x(desc terms) ∧
at_least_x(narr terms)
x = 2 x =3 x= 4 x = 8
0.6465 0.6642 0.6917 0.7577
0.4787 0.4739 0.4804 0.5290
0.3803 0.4011 0.4080 0.4408
0.3132 0.3236 0.3283 0.3371
0.2621 0.2671 0.2720 0.2722
0.2127 0.2190 0.2221 0.2256
0.1457 0.1578 0.1613 0.1709
0.1117 0.1146 0.1192 0.1311
0.0685 0.0744 0.0788 0.0849
0.0440 0.0436 0.0403 0.0430
0.0097 0.0140 0.0142 0.0171
0.2232 0.2282 0.2321 0.2481
+0.3%

+2.6%

+4.3%

+11.5%

Table 2. Conjunctions between quantifiers - MIN operator
Qlin (title terms) ∧
Qlin (desc terms) ∧
Qlin (narr terms)
Recall
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
Avg.prec.
(non interpolated)
% change

0.7277
0.5513
0.4610
0.3608
0.2915
0.2428
0.1857
0.1160
0.0720
0.0431
0.0067
0.2572

at_least_x(title terms) ∧
at_least_x(desc terms) ∧
at_least_x(narr terms)
x= 2 x = 3 x =4 x= 8
0.7473 0.7311 0.7375 0.7664
0.5524 0.5576 0.5542 0.5991
0.4665 0.4711 0.4671 0.4769
0.3802 0.3869 0.3830 0.3983
0.3142 0.3133 0.3154 0.3172
0.2684 0.2638 0.2643 0.2660
0.2069 0.2111 0.2077 0.2136
0.1407 0.1496 0.1531 0.1561
0.0882 0.0932 0.0972 0.1014
0.0522 0.0559 0.0609 0.0634
0.0089 0.0126 0.0136 0.0157
0.2722 0.2760 0.2750 0.2849
+5.8%

+7.3%

+6.9%

+10.8%

Table 3. Conjunctions between quantifiers - product operator

In order to conduct a proper comparison against popular IR methods, an additional baseline experiment was carried out. In this test, all terms from all topic subfields were collected into a single linear quantifier. Recall that this is equivalent to
the popular vector-space model with the inner product matching function (appendix
A). The results obtained are compared to the previous best results in table 4. The
application of relaxed non-linear quantifiers leads to very significant improvements
in retrieval performance. Clearly, a linear strategy involving all topic terms is not
the most appropriate way to retrieve documents. On the other hand, expressive query
languages provide us with tools to capture topic’s contents in a better way. In particular, our evaluation shows clearly that non-linear fuzzy quantifiers are appropriate for
enhancing search effectiveness. For example, at least quantifiers appear as powerful
tools to establish additional requirements for a document to be retrieved. Although
the combination of linear quantifiers (e.g. table 3, col. 2) outperforms significantly
the single linear quantifier approach (table 4, col. 2), it is still clear that a Boolean
query language with linear quantifiers is not enough because further benefits are obtained when at least quantifiers are applied (e.g. table 3, cols. 3-5).
5.2 Experiments: pivoted document length normalization
It is well known that the classic tf/idf weighting approach is nowadays overcome
by weighting schemes based on document length corrections [26]. Thus, the actual
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0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
Avg.prec.
% change
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Qlin (title, desc & narr terms) at_least_8(title terms) ∧
at_least_8(desc terms) ∧
at_least_8(narr terms)
0.6354
0.7664
0.4059
0.5991
0.3188
0.4769
0.2382
0.3983
0.1907
0.3172
0.1383
0.2660
0.0885
0.2136
0.0530
0.1561
0.0320
0.1014
0.0158
0.0634
0.0019
0.0157
0.1697
0.2849
+67.9%

Table 4. Linear quantifier query vs more evolved query

impact of the SFQ fuzzy approach can only be clarified after a proper comparison
against state-of-the-art matching functions. Moreover, there is practical evidence on
the adequacy of pivoted weights for web retrieval purposes [27, 13, 29] and, hence,
the comparison presented in this section will help to shed light on the role of fuzzy
quantifiers to enhance web retrieval engines.
We have run additional experiments for evaluating the SFQ approach with pivotbased weighting methods (equation 14). For the sake of brevity, we will not report
here every individual experiment but we will summarize the main experimental findings. Our discussion will be focused on tests using all topic subfields because the
inner product matching function (baseline experiment with linear quantifier) yields
its top performance when applied to all topic subfields. Indeed, as expected, the performance of the baseline experiment is substantially better than the tf/idf baseline
(table 5, column 2 vs table 4, column 2).
The following enumeration sketches the main conclusions from the new pool of
tests:
1. Again, the product operator is better than the MIN operator to implement the
boolean AND connective.
2. The fuzzy approach with relaxed at least statements was not able to produce
better performance results than the inner product matching function (baseline).
3. The fuzzy approach with a linear quantifier applied on every individual topic
subfield (whose results are combined with the product operator) is able to produce modest improvements with respect to the baseline.
The pivot constant s was fixed to the value of 0.2 13 . The main performance results
are shown in table 5.
Further research is needed to determine the actual role of at least statements in
the context of a high performance weighting technique such as pivoted document
length normalization. At this point, the aplication of relaxed at least expressions
produced performance results which are worse than those obtained for the baseline.
13

Some tests with varying values of s were run for the fuzzy model (with both linear & at least
statements) but no improvements were found. The baseline performance is also optimal for
the value of 0.2. Indeed, the ideal value of the pivot s has also been considered very stable
in previous experimentations on pivoted document length normalization schemes [26].
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Qlin (title, desc & narr terms) Qlin (title terms) ∧
(baseline)
Qlin (desc terms) ∧
Qlin (narr terms)
Recall
0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
Avg.prec.
(non-interpolated)
% change

0.8741
0.7211
0.6159
0.5074
0.4380
0.3673
0.3186
0.2461
0.1761
0.1122
0.0374
0.3858

0.8637
0.7276
0.6467
0.5405
0.4584
0.3722
0.3200
0.2511
0.1876
0.1239
0.0350
0.3977
+3.1%

at_least_x(title terms) ∧
at_least_x(desc terms) ∧
at_least_x(narr terms)
x = 2 x =3 x= 4 x = 8
0.8702 0.8470 0.8065 0.8030
0.7114 0.6984 0.6733 0.6563
0.6326 0.6160 0.5787 0.5544
0.5253 0.5114 0.4869 0.4487
0.4265 0.4128 0.3965 0.3697
0.3509 0.3430 0.3292 0.3024
0.2910 0.2778 0.2652 0.2434
0.2276 0.2138 0.2052 0.1864
0.1737 0.1567 0.1502 0.1340
0.1082 0.1027 0.0982 0.0854
0.0380 0.0375 0.0377 0.0365
0.3799 0.3666 0.3488 0.3278
-1.5%

-5.0%

-9.6%

-15%

Table 5. Experimental results - Pivoted document length normalization

As depicted in table 5, the overall performance gets worse as the at least statement
becomes stricter. An at_least_2 statement is slightly worse than the baseline (1.5%
worse) but the at_least_8 formulation yields significantly worse performance ratios
(average precision decreases by 15%). In the near future we plan to make extensive
testing on different relaxations of at least formulations in order to shed light on this
issue.
On the contrary, the fuzzy model with linear quantifiers was able to overcome
the baseline. Although the baseline experiment follows a high performance state-ofthe-art IR retrieval technique (inner product matching function of the vector-space
model with pivoted document length normalized weights), the fuzzy approach was
still able to construct slightly better rankings. This is an important circumstance as it
anticipates that fuzzy methods can say a word in future retrieval engines.

6 Conclusions and Further Work
Classical IR approaches tend to oversimplify the content of user information needs
whereas flexible query languages allow to articulate more evolved queries. For instance, the inclusion of quantified statements in the query language permits to express additional constraints for the retrieved documents. IR matching functions can
be relaxed in different ways by means of quantified statements whose implementation is handled efficiently by semi-fuzzy quantifiers and quantified fuzzification
mechanisms.
In this work we showed that our proposal based on the concept of semi-fuzzy
quantifier handles pioneering fuzzy quantification proposals for IR as particular
cases. On the other hand, we conducted large-scale experiments showing that this
fuzzy approach is competitive with state-of-the-art IR techniques. These popular IR
methods have recurrently appeared among the best retrieval methods for both adhoc and web retrieval tasks and, hence, it is very remarkable that our SFQ approach
performs at the same level.
It is also important to observe that the benefits shown here empirically are not
restricted to our particular fuzzy apparatus, but also hold in the framework of the
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seminal proposals of fuzzy quantification for IR. This is guaranteed by the subsumption proved in this work.
We applied very simple methods for building automatically fuzzy queries from
TREC topics. In the near future we plan to study other means for obtaining fuzzy
statements from user queries. It is particularly interesting to design methods for
building n-ary statements involving several fuzzy sets. On the other hand, future
research efforts will also be dedicated to analyze the practical behaviour of alternative models of fuzzy quantification. In this respect, besides at least expressions, we
plan to extend the evaluation to other kind of quantifiers. For the basic retrieval task
we have only found benefits in retrieval performance when this sort of quantifiers
were applied. Nevertheless, we will study the adequacy of other sort of linguistic
quantifiers in the context of other IR tasks.
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Appendix A
Given a query expression such as Q lin (t1 , . . . , tn ), where each ti is an atomic term,
and a document d j , the fuzzy set induced by the document can be expressed as:
Cdj = {w1,j /1, . . . , wn,j /n}.
Without any loss of generality, we will assume that query terms are sorted in
descending order of its membership degree in C dj .
The linear semi-fuzzy quantifier Q lin operates on Cdj as follows:
(F (Qlin ))(Cdj ) = (1 − w1,j ) ∗ Qlin ((Cdj )≥1 ) + (w1,j − w2,j ) ∗ Qlin ((Cdj )≥w1,j ) +
(w2,j − w3,j ) ∗ Qlin ((Cdj )≥w2,j ) + . . . +
(wn−1,j − wn,j ) ∗ Qlin ((Cdj )≥wn−1,j ) + wnj ∗ Qlin ((Cdj )≥wn,j ) =
= (1 − w1,j ) ∗ 0 + (w1,j − w2,j ) ∗ (1/n) +
(w2,j − w3,j ) ∗ (2/n) + . . . + (wn−1,j − wn,j ) ∗ ((n − 1)/n) + wnj ∗ 1 =
= (1/n) ∗ ((w1,j − w2,j ) + (w2,j − w3,j ) ∗ 2 +
+ . . . + (wn−1,j − wn,j ) ∗ (n − 1) + wnj ∗ n) =
= (1/n) ∗



wij

ti ∈q

leading to:
µSm(Qlin (t1 ,...,tn )) (dj ) = (1/n) ∗

wij
ti ∈q

Let us now analyze the two weighting schemes (equations 13 and 14) independently:
•

tf/idf weights (equation 13). Consider now a vector-space approach in which
document vectors are weighted
 as in equation 13 and query vectors are binary.
The inner product equation,
wi,j ∗ qi , where
 wi,j (qi ) is the weight for term t i
in document d j (query), can be reduced to ti ∈q wi,j when query weights are
binary. It follows that both approaches result in the same ranking of documents
because the value 1/n does not affect the ranking of every query.
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pivoted weights (equation 14). Consider now a vector-space approach in which
document vectors are weighted as:
1+ln(1+ln(fi,j )))
dl

(1−s)+s avgj

dl

norm_1

∗

ln( Nn+1
)
i
norm_2

and query vector weights are:
qtfi
maxl qtfl
Again, it follows that the inner product matching yields the same ranking that the
one constructed from the fuzzy model.

